Abstract. In this note we prove that the derived categories of an abelian fibration and its dual are derived equivalent if and only if there is fiberwise equivalence. We also study the problem for K3−fibrations.
Introduction
One of the main motivations to the study of algebraic varieties via their categories of coherent sheaves is its relation with string theory. The conformal field theory associated to a variety in string theory contains a lot of information packaged in a categorical way rather than in directly geometric terms. A second motivation to study varieties via their sheaves is that this approach is expected to generalize more easily to non-commutative varieties and categorical methods enable one to obtain a truer description of certain varieties than current geometric techniques allow. For example many equivalences relating the derived categories of pairs of varieties are now known to exist.
Let X be a smooth complex projective variety over a field k with structure sheaf O X and D b (X) the bounded derived category of coherent sheaves. It is an interesting question how much information about X is contained in D b (X). Certain invariants of X can be shown to depend only on D b (X). Because of the uniqueness of Serre functors, the dimension of X and whether it is Calabi-Yau or not, can be read off from D b (X).
Let X, Y be two smooth complex projective varieties. The FourierMukai tranform F MT by an object P ∈ D b (X ×Y ) is the exact functor:
where π 1 and π 2 are the projections maps over the first and second component respectively. If φ P is an equivalence, then P must satisfy a partial Calabi-Yau condition:
A theorem of Bondal and Orlov says that if the canonical sheaf w X or its inverse is ample, X can be absolutely reconstructed from D b (X). A Calabi-Yau threefold is a smooth compact connected threefold with vanishing first Betti number and trivial canonical class:
then certain invariants of X and X ′ should coincide, for example, the Hodge numbers of the two spaces often coincide. In general it is an interesting problem to know which invariants are preserved under equivalence. Definition 1.1. Two Calabi-Yau manifolds X and Y are derived equivalent if there exists a Fourier-Mukai equivalence φ P :
In particular X and Y are non-singular projective varieties of the same dimension, and P is a sheaf on Y × X, flat over Y satisfying that P y ⊗ K X = P y for every point y ∈ Y , and for any pair of distinct points y 1 , y 2 of Y , and any integer i, Ext i X (P y 1 , P y 2 ) = 0, where w X is the canonical bundle of X.
Calabi-Yau fibrations
Definition 2.1. Let π : X → S be a Calabi-Yau fibration, that is, a connected morphism of non-singular projective varieties whose general fibre has trivial canonical bundle. Suppose that π has relative dimension one or two, so that the generic fiber is an abelian surface, a K3 surface or an elliptic curve.
Conjecture 2.2. Let X, Y be two Calabi-Yau 3-folds fibred over the same base B by elliptic curves, K3 surfaces or abelian surfaces such that the derived categories of the fibres are equivalent
A relative integral functor is an equivalence if and only if its restriction to every fibre is an equivalence. As a consequence of Theorem 3.3.6 of [HLS] it follows the following result:
is an equivalence for every closed point s ∈ S.
In general the problem of finding a universal object K is closely related with the problem of finding fine components of the relative moduli space M l (X/S) of stable sheaves on the fibration of the right dimension, (see Theorem 1.2 of [BM] ).
Let π : X → S be a Calabi-Yau 3-fold fibred by K3 surfaces, and Y is a component of the relative moduli space M l (X/S) of stable sheaves on the fibration π. Points of Y represents stable sheaves supported on the fibres of π, and there is a natural map π : Y → S, sending a sheaf supported on π −1 (s) to the corresponding point s ∈ S. If Y is of the same dimension that X and it is fine, there is a universal sheaf on Y × X, then Y is another non-singular projective variety and the morphism π : Y → S is another Calabi-Yau fibration (Mukai dual of π). The universal sheaf on Y × X is taken as kernel to construct the integral functor φ :
. In general, if we are not considering Calabi Yau's fibred, the most general result for derived categories of Calabi Yau's is due to T. Bridgeland. 
In particular two birational Calabi-Yau threefolds have equivalent derived categories, and therefore they have the same Hodge numbers. But not all Calabi-Yau threefold's that are derived equivalent are birational.
2.1. Elliptically fibred Calabi-Yau 3-fold. For elliptic Calabi Yau's, the problem is reduced to study derived categories of elliptic curves. Any complex torus can be expressed as the quotient of C by a lattice of the form τ = {Z + Zτ } with τ ∈ H an element of the upper-half plane. We denote the complex torus given by the lattice τ by E τ .
The complex torus is called an elliptic curve if it is an algebraic curve, in other words if it has a distinguished point.
Proposition 2.6. Let X/B and Y /B be two fibrations over B such that for all b ∈ B, the corresponding Teichmüller parameters τ, τ ′ of X b and Y b are related by a linear transformation A ∈ SL(2, Z), then the two fibrations are derived equivalent.
Proof. Two lattices τ 1 and τ 2 determine the same complex torus, when there exists a biholomorphic map from E τ 1 to E τ 2 ; τ 1 and 2 (E, C) that we can parametrize with t ∈ H as E w = 2πi t. Mirror symmetry for elliptic curves is simply the interchange of τ and t.
2.2. Abelian fibrations. Let Γ ∼ = Z 2d be a lattice in a real vector space U of dimension 2d, and let Γ * ⊂ U * be the dual lattice. The complex torus (U/Γ) is and abelian variety of dimension d over Z if it is algebraic, that is, it has embedding to the projective space. The dual abelian variety is given by the dual torus (U * /Γ * ). Given a family of abelian varieties over the disc, such as the fiber consists of the product of an abelian variety with its dual A×A ∨ , there is a natural polarization defined, by considering the product π *
A , where P A and P b A are the respective Poincare bundles over A× A and A × A. Due to a result of Deligne ([Del] ), one can extend this polarization to the all family. It is of special interest when the family has the structure of a scheme.
Definition 2.7. Let S be a noetherian scheme. A group scheme π : X → S is called an abelian scheme if π is smooth and proper, has a global section and the geometric fibres of π are connected.
For abelian schemes Mukai has introduced the Fourier-Mukai transform in the early 80s as a duality among sheaves on abelian varieties. In general we will allow singular fibers.
Let us start with an abelian fibration π : X → B, that is, a projective smooth morphism whose fibers are abelian varieties admitting a global polarization, that is, a very ample line bundle L on it, in particular this means that there is a global embedding (X/B) ֒→ P N . We denote by X b , the fiber of π over b ∈ B. Let us consider the dual fibration, that is, a fibration which is obtained considering for each b ∈ B the dual abelian variety X ∨ b of X b . Therefore the dual fibration admits also a global polarization. We assume that the singular fibers are irreducible, reduced and have no multiplicity. We note that this is the generic singularity, all the other types of singularities that can appear are degenerations of this one.
Lemma 2.8. Given X and Y abelian varieties, such that
, there is an isometric isomorphism between X and X ∨ . Now by assumption Y ∼ = Y ∨ and then there is also an isometric isomorphism between X × X ∨ and Y × Y ∨ and therefore by Theorem 2.19 of [Or2] , there is an equivalence
Proposition 2.9. The derived categories of the two fibrations π : X → B and π : X ∨ → B are equivalent fiberwise if and only if the derived categories of the two fibrations are equivalent.
Proof. First we fix our attention on the smooth locus. Let Σ(π) ֒→ B be the discriminant locus of π, that is, the closed subset in B corresponding to the singular fibers.
(1)
We can take then the Zariski closure of X ∨ − π −1 (Σ(π)) in P N . For each b ∈ B − Σ(π), the corresponding derived equivalence of the fibers X b and X ∨ b is given by the Poincare bundle P b over the product
There is a monodromy action on each fiber, that is,
, and by Deligne theorem we can extend the class of the Poincare bundle to the all fibration, it is the relative Poincare sheaf of the fibred product of the two families over the base B and we will call it E. Then the Fourier-Mukai transform given by E is an equivalence over the smooth locus.
We now need to treat with the singular fibers. The singular fibre is a degeneration of an abelian variety X n of the form (C * ) k × A k where A k is an abelian variety of dimension k. In this case, since (C * ) k is a Stein manifold, it follows by Cartan's Theorem B that if F is a coherent sheaf on (
and then by Lemma 2.8 and applying the Fourier-Mukai of kernel E, it follows the fiberwise equivalence in this case and therefore by [HLS] , the equivalence of the two dual fibrations. Now, let ρ : A → B be an abelian fibration, admitting a global polarization and we don't make further assumptions on the fibers. We denote by ρ : A → B the dual fibration.
Theorem 2.10. The integral functor φ
Proof. Let σ : B ′ → B a branched covering of the base, that is, locally (around a point y ∈ B ′ and x = σ(y), σ is simply the function {z ∈ C : |z| < 1} → {z ∈ C||z| < 1} given by z → z k , where k is the multiplicity of σ at y). Moreover, we can assume that σ : B ′ → B is a Galois covering with finite Galois group G, just we observe that any normal extension of fields admits a Galois extension. ) ). Now we take the fibred product of A and B ′ over the base B, that is:
The advantage now is that the fibration A ′ → B ′ admits a section given by the identity in B ′ , and therefore there is a relative Poincare sheaf E as in the proof of Proposition 2.9, that restricted on smooth fibers
b is the corresponding dual abelian variety, is just the Poincare bundle. We are taking as dual fibration of A ′ /B ′ , the relative moduli space. If J is the relative moduli functor, and P ic 0 (A ′ /B ′ ), the relative Jacobian, that is, the variety A ′ /B ′ representing the relative moduli functor, the relative Poincare sheaf E is the family representing an element of J (P ic 0 (A ′ /B ′ )) such that for each variety S and each F ∈ J (S) there exists a unique morphism f : S → M satisfying that F ∼ = f * E. Therefore E induces a natural transformation Φ : J → Hom(−, A ′ /B ′ ) giving a stack structure (( A ′ /B ′ ), Φ). It is universal in the sense that for every other variety N and every natural transformation ψ : Hom(−, N) → Hom(−, M), the following diagram commutes:
Hom(−, M) It follows by [HLS] that there is an equivalence of categories
where ρ : A ′ → B ′ is the dual abelian fibration. Now the Galois group G acts on bundles on the fibres, and there is an equivalence between the respective invariant subcategories (
G , therefore by the fundamental theorem of Galois theory, there is an equivalence between the original categories
As a consequence of the theorem 2.10, given two Calabi-Yau's 3-folds X, Y fibred by abelian surfaces over the same base S, such that the derived categories of the fibers are equivalent,
A more general problem, is that of Calabi-Yau's fibred by tori, and this is also interested from the point of view of mirror symmetry, and it is according to SYZ mirror prediction.
Remark 2.11. Due to Theorem 5.11 of [Bas] , if X is a gerbe on a twisted version of X, and η the dual gerbe to X , then there is an equivalence of categories, Mirror dual Calabi-Yau manifolds should be fibred over the same base in such a way that generic fibers are dual tori and each fiber of any of these two fibrations is a Lagrangian submanifold.
We can take as a base, the moduli space of flat SU(n)-connections S = Hom(π 1 (Σ), SU(n))/SU(n), as in the geometric Langland program, and then, the Lagland dual of a torus F p over a connection v ∈ S correspond to the dual torus F ∨ p sitting on the dual connection, that is, the mirror brane of a torus is the dual torus, and therefore mirror symmetry in this case is T-duality.
